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1. INTRODUCTION 
Let K be a finite extension of Q, the field of rational numbers. Consider a 
subfield kc K and r intermediate fields k, ,..., k, so that 
kckicK, 1 <i<r. 
Let H,, Hi, Hk denote the groups of narrow ideal classes of K, ki, k, 
respectively; set 
H= H, x ... x H,, 
and 
NH,) = {WK,,,~..., N,,,B)I BE H,d 
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Let d = [K: k] and di = [ki: k] be the degrees of K and ki over k, and let 
Di denote the relative discriminant of kj over k. 
THEOREM 1. Suppose that the following conditions are satisfied: 
(a) d= n;= 1 di; 
(b) ki is a Galois extension over k for every i; 
(c) K = k, . . k, is the composite field of k, , . . . . k,; 
(d) For each prime divisor p of k, the ramification indices of p in k,, 
1 < i < r, are pairwise coprime; 
(e) The group H, is trivial. 
Then 
H = N( HK). 
In particular, the product of the class numbers of ki, i = l,..., r, divides 
the class number of K. This was proved by Halter-Koch in [12] for the 
case r = 2 under conditions slightly different from ours. Theorem 1 above 
includes also one of the results of Draxl in [3]. 
For A = (A 1 ,..., A,) E H and x > 0, introduce the set 
T(A, x)= {(a1,-, a,)lai~A,, Nk,,ka,= .” =Nk,pa,, N,,,oa, <x). 
Let Z7, be the set of ail the prime divisors in k, and E, be the monoid of all 
integral divisors in kj; put 
n=n,x ‘.. xn,, 
and 
--ad, x ... x9,. C--F: 
Denote by S(A, x) the cardinality of ,5 n T(A, x) and by SJA, x) the car- 
dinality of IZn T(A, x). It follows from analytic considerations utilising the 
properties of the scalar product of L-functions attached to the fields 
k, ,..., k, that (see, e.g., [7, 81) if k, ,..., k, are linearly disjoint over k, that is, 
d = n;= i di, then 
and 
S(A, x) = a(A) x + O(X’~~), 
S,,(A> xl = 44) jf 2 + 0(x exp( 9, Jlogx-11, 
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where y, yi, and the O-constants do not depend on x, and y > 0, ?I > 0. 
Moreover, it turns out (lot. cit.) that 
b(A)=0 if A # NH,), 
1 
=- 
h, 
if A E N( HK), 
where h, denotes the number of elements in N(H,), and 
a(A)=a,>O when A E N( HK) 
with a, independent of A. Thus both integral and prime divisors of equal 
norms are asymptotically equidistributed among the elements of N(H,). 
Theorem 1 gives a criterion for equidistribution among the elements of H, 
namely, if conditions (a)-(e) are satisfied, then both integral and prime 
divisors having equal norms are asymptotically equidistributed among the 
narrow ideal classes in H (cf., [7]). 
Let G be the subgroup of H consisting of those classes A which contain 
integral ideals of equal norms: 
G=(AIAEH,S(A,X)>O forsome x), 
One can prove (see, e.g., [7]) that a(A) > 0 for A E G; obviously, a(A) =0 
for A 4 G. The following example shows that G # H infinitely often. 
EXAMPLE. Let k, = Q(n), k2 = Cl(&), k = Q, where p, q are 
different rational primes and p = q = 3 (mod 8). If A2 is the ideal class in 
H, corresponding to the quadratic form f(u, v) = pu’ + qu2 and A I E H, so 
that A, corresponds to the quadratic form g(x, y) = x2 + y2, then 
(A,, A?) # G because the congruence equation 
S(u, 0) = g(x, Y) (mod 8) 
has no non-trivial solutions. 
Thus integral ideals of equal norms are not necessarily equidistributed 
among the elements of H. The following two theorems show that, first, 
G # N(H,), and therefore a(A) > 0 while b(A) = 0 for some A E G infinitely 
often, and, secondly, integral ideals are not necessarily equidistributed 
among the elements of G. We recall again that in the classical case of one 
number field (Y= 1, k, =K) both u(A) and b(A) are positive and indepen- 
dent of A. 
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Let cl(a) denote the narrow ideal class containing divisor a. Set 
H~={A~H~~A=claforsomeawithN,,,,a=1}~ 
and 
H’=H;x ... xH;. 
The following result and its proof were communicated to us by Deligne 
[ 11. Choose three rational primes p, ql, q2 different from each other and 
such that 
p-q1 -q2- 1 (mod 4) 
0 
F =(-l)‘for i=l,2. 
THEOREM 2. Zf k=Q,r=2,k,=Q(&) for i=l,2, p=pf in ki, 
Ai=clpi, and K=k,.kz, then 
and 
A=(A,, WW’NW, 
A E G. 
THEOREM 3. Suppose that conditions (a)-(c) of Theorem 1 are satisfied 
and there exists a prime divisor p in k such that 
p=p:” in ki, 1 <i< r, 
and no other prime divisor in k, except p, is ramified in more than one of the 
fields k 1 ,,.., k,. Let cl pi = Ai and A = (A 1 ,,.., A,). rf A $ H’N( HK), then 
CW=S( 1, $--). (1) 
Obviously, (1) implies 
a(A) = 41 )(Nk,Q P)-’ 
and, in particular, a(A) # a( 1) for the element A E G constructed in 
Theorem 3. Applying now Theorem 2 we deduce 
COROLLARY 4. There exists an infinite sequence of quadratic fields k, , k, 
such that a(A) # a( 1) for some A E G. 
PROPOSITION 5. Zf r=d,=d,=2 andk=Q, then H’cN(HK). 
’ We denote by “1” the neutral element in any of the multiplicative groups to be considered. 
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Defining the groups 
189 
Rf={AEHi(N,;,,A=l}, 
jp=qx ... xp, 
G= ((A, )...) A,)EHINk,,J1= ... =NkdkAr}, 
we get a filtration 
(2) 
Obviously, 
From now on we assume that conditions (a)-(c) of Theorem 1 are 
satisfied, that is, 
k, is a Galois extension of k for any i, the fields k,,..., k, are linearly 
disjoint over k, and K= k, . . . k, is the composite field of k, ,..., k,. 
THEOREM 6. If, for each prime divisor p of k, the ramification indices of 
p in k,, 1 < i < r, are pairwise coprime, then 
(i) G = R’N(H,), 
and 
(ii) G = H’N(H,). 
Let K,=k,***k,, j= l,..., r, denote the composite field of kl,..., kj so that 
k,=K,cK,c ... cK,=K. 
For a finite extension E of Q denote by E the maximal abelian extension of 
E in a fixed algebraic closure of Q, unramilied at any finite place of E. 
THEOREM 7. IfKj and kj+ , are linearly disjoint over k for every j < r - 1, 
then 
R’ c N( HK), 
If the group Hk is trivial, we have E’ = G= H. Therefore, Theorem 1 is 
an immediate consequence of Theorem 7 and the following assertion. 
PROPOSITION 8. Suppose H, is trivial. If, for each prime divisor p of k, 
the ramification indices of p in ki, i= l,..., r, are pairwise coprime, then for 
any 1 < j < r - 1, the fields K, and kj+ 1 are linearly disjoint over E. 
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Theorem 2 and the simple example given above show that the second 
and the third inclusions in (2) can be proper infinitely often. To construct 
an example in which H # G, assume that Hk is non-trivial, take k, = E, and 
let r = 2. Since k, and k, are assumed to be linearly disjoint, it follows from 
class field theory (cf. Lemma 4.1 below) that NkdkH2 = H, and 
NkllkH,={l}. Thus G=R1={(A,,A,)IN,,,,A2=1}#H. We shall not 
try to construct an example for which 
H’WH,) f N(H,h 
but remark that the inclusion H’ c N(H,) implies the condition 
k,‘I>Kr& l<i<r, 
where k: is the subfield of Ei fixed by the image of H! under the reciprocity 
law isomorphism 
Hi - Gal(f,/k;) 2 
between the class group Hi and the Galois group of ki over k,. 
2. STRUCTURE OF CERTAIN IDEAL GROUPS 
For a finite extension E of Q denote by I, the group of fractional 
divisors of E and by 17, the set of prime divisors, or finite places, of E. Let 
P, be the subgroup of I, consisting of principal ideals generated by totally 
positive elements of E (we recall that a E E is said to be totally positive if 
a(~) > 0 for every real embedding 0: E -+ R). The quotient group 
H, = IJP, 
is called here the class group of E. It is the group of narrow ideal classes 
which is isomorphic, by the reciprocity law, to the Galois group Gal(E/IE) 
of the maximal abelian extension E unramilied at any finite place of E. We 
write 
Hi, I,, P,, and Z7! 
for H,(, Ik,, P,,, and nk,. For i = l,..., r define 
Z! = {~EZ~I Nktlka= 1 in I,>, 
p=z;x ‘.. XII, z=z,x ... XI,, P=P,x ... XP,, 
J= {(a,,..., a,)~Zl Nkllka, = ... = Nk,,k ar i’ 3 
WI,) = ( (NK,/q by -%d’)lb~h~. 
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Obviously, we have a filtration analogous to (2): 
Z~JdN(Z,)3N(Z,). (3) 
Let p be a prime divisor of k and p be a prime divisor of ki dividing p. 
Since kj is assumed to be Galois over k, the ramification index of p at p 
and the degree of the residue field of p over the residue field of p do not 
depend on the choice of p 1 p; we denote them by e,(p) and fi( p), respec- 
tively. Thus 
C,(P) 
in k,, 
and 
N,,,,p = P~‘~’ for PI P. 
Let f(p) be the least common multiple of all the fi(p), 16 i < r, and 
f(P) 
k?,(P) =fm’ 
An element p E I is said to be over a prime divisor p of k, if p = (p, ,,,., p,) 
with pie IIi and pi dividing p in 1;. For p over p E Z7k let J(p) denote the 
subgroup of J generated by a = (a, ,..., a,) with ai = p?(p). Let S be the set of 
prime divisors p of k such that e,(p) and e,(p) are not coprime for some 
i # j. Let D denote the product of the primes in S. 
LEMMA 2.1. Let p be a prime divisor of k not in S. Then for any 
p = (p, ,..., p,) over p there exists Cu E IIK such that 
and therefore, 
N,&@ = P?‘~‘, i = l,..., r, 
4~ I= MI,). 
Moreover, the ramification index of p in K is equal to Hi=, e,(p). 
Proof: We prove this lemma by induction on r (compare [6, Lemma 1; 
and 5, pp. 5&51, Erlauterung 173). The case r = 1 is trivial, so we start 
with r = 2. Denote by k, the completion of k at p and set k,, = ki Qk k,. 
Let Si, i = 1,2, be the set of places of ki over p, and let ki,v be the com- 
pletion of ki at v E Si. Then we have 
k;,,= 1 Oki.,, 
“ES, 
K ok k, = C 0 (k,.,, Ok, k2.02), i= 4 2. 
I’, E s, 
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Since k,,“, is an extension of k, of degree e,(p)f,(p) and the ramilication 
indices ei(p) and ez(p) are coprime, the intersection 
is an unramified extension of k, of degree n = gcd(f,(p), f2(p)). Thus the 
tensor product 
k,.,, Ok,, k2.w 
is isomorphic to a direct sum of n copies of the composite field 
k I.l~l .k 2.02 
whose degree over k, is equal to e,(p)e,(p)f(p). Choose Ui=n; and 
denote by v the prime divisor of K such that 
Then 
NKIk,‘$ = p{(~)lT,(~) = p@~l 
I 3 i= 1, 2. 
If r > 2, we take k’ = k, . k,, apply to k’ the result we have just obtained, 
and use the induction hypothesis for the r - 1 fields k’, k3,..., k, to complete 
the proof. 
In the following proposition we analyse the structure of the group J. 
PROPOSITION 2.2. Choose, for any prime p in S, an element p E I over p. 
We have 
J=Z’N(Z,) n J(p). 
PSS 
Proof. Let a = (a, ,..., a,) E J and a = N,,,, a;. Decomposing a if 
necessary, we may assume that a = p” for some p E 17, and some rational 
integer n. Let p = (p, ,..., p,) be over p and Nk,,kpi= pLcp). Since fi(p)I n for 
any i, we get 
Q E Z’J(P h 
and the proposition follows from Lemma 2.1 because J(p) c N(Z,) for p 
not in S. 
PROPOSITION 2.3. The group G defined in Section 1 is isomorphic to 
J/J n P. 
Proof. Let (a1 ,..., a,) E J. One can choose [l] a highly divisible totally 
positive integer c( E K in such a way that 
bi= (N,,,,a).a,~z~. 
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Obviously, (b, ,..., b,)EJ and cl(b,) = cl(q). The proposition follows now 
from the definition of G. 
COROLLARY 2.4. Zf the set S is empty, then 
(i) J= Z’N(Z,), 
and 
(ii) G = H’N( HK). 
Proof The first assertion follows from Lemma 2.1 and Proposition 2.2; 
the second assertion follows from (i) and Proposition 2.3. 
COROLLARY 2.5. Let a = (a, ,..., a,) E Jn .?. Zf Nk,,kai is relatively prime 
to D, then a E Z’N(Z,). 
It follows from Proposition 2.2. 
COROLLARY 2.6. Let a = (a,,..., a,) E J and aj = pi”’ ulith p, E ZZj and 
integral mj for any j. Zf pjJDi, then 
a E N(Z,). 
Proof Since a E J and aj = #‘J for every j, either mj = 0, or the element 
P = (P 1 ,..., p,) is over a prime divisor p E Rk. Since p,jD,, we get pj D. By 
Lemma 2.1, J(p) c N(Z,). Since a E J, it follows that a E J(p). This proves 
the corollary. 
We need the following assertion (see, e.g., [ 5, Satz 131). 
LEMMA 2.7. Any ideal class in a finite extension E of Q contains 
infinitely many prime divisors p such that N,,p E ZZQ. 
PROPOSITION 2.8. (i) The group H,! is generated by the set 
(c~(~-~~‘)IN~,,~P=N~,,~P’~~~,N~,,~P~D,..’D,}. 
(ii) A class A = (AI,..., A,) E G lies in N( HK) if and only if there exists 
P = (P 1 T..., p,) E Jn A such that N,,k~i~ Uk and N,+pilDi for every j. 
ProoJ: To prove (i) one remarks that the group Z,! is generated by the 
set 
and then makes use of Lemma 2.7. Assertion (ii) follows from 
Corollary 2.6 and Lemma 2.7. 
Our next proposition characterizes the group H’N(H,). 
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PROPOSITION 2.9. (i) If a= (a ,,..., a,)~ JnE and Nkdkai is relatively 
prime to D, then 
A = (cl(a,) ,..., cl(a,)) E H’N(H,). 
(ii) ZfA=(A,,..., A,) E H’N(H,), then there exists 
a=(a,,..., a,)EJnZnA 
with ai coprime to D, . . . D,. 
ProoJ: Assertion (i) follows from Corollary 2.5. We prove (ii). Let 
A E H’N(H,). In view of Proposition 2.8, we may assume that A contains 
b = (br,..., b,) with bi = 1 for all but one i, say, b, = 1 for i> 1 and, 
moreover, b, = p-lp’ where p and p’ are prime divisors in k, not dividing 
Dl . . . D,. Obviously, b E Jn A. Choose a totally positive integer c( E K in 
such a way that N,,cr is coprime to D, ... D, and p 1 N,,,,a. Then 
a = (6, N,,, 51, NKIk2~ ,..., NKIk,x) E Jn Zn A 
and ai is coprime to D, . D,, as desired. 
3. PROOF OFTHEOREM 3 AND PROPOSITION 5
Let aeT(A,x)nE and A +! H’N(H,). It follows from Proposition 2.9 
(i) that aj, 1 6 j < r, must be divisible by a prime divisor q such that q / D. 
Let, moreover, D = p” for some p E ZZ,, as it is assumed in Theorem 3, and 
p=pF in kj, pin Aj. Then piI ai for any i, and it follows that 
(pIa ,,..., p,a,)l(a ,,..., a,)ET 
so we obtain (1). This proves Theorem 3. 
To prove Proposition 5 let A = (A,, A,) E H’. By Proposition 2.9, there 
exists 
with both a, and a2 coprime to D, D,. Without loss of generality, we may 
assume that 
N kljQal =Nkz,co% = pm 
for a rational prime p and a positive integer m. Since pjD1 D,, it is 
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unramified in ki, i = 1, 2. If p either splits in both fields or remains inert in 
both fields, then 
a E N(I,), 
and therefore A E N(H,) as required. Assume, on the contrary, that p 
splits, say, in k, and remains prime in k,. Then 
a, = (p”) pzp, a2 = (P”), 
where m = 2n, c1+ /? = n, and p is a prime divisor over p in k, ; tx and j3 are 
rational integers. Since K= kl kZ, it follows that there exists ‘$ E 17, such 
that 
NK,iq V-J = ~‘9 N/c,&J = (P) 
(cf., e.g., Lemma 2.1). Therefore, Ai = cl( NKik,vB) and A E N(H,). This 
proves Proposition 5. 
Remark. Note that when ki is a quadratic extension of Q, the group Hf 
coincides with the principal genus, the subgroup of Hi consisting of the 
squares of ideal classes. 
4. PROOF OF THEOREM 6 AND PROPOSITION 8 
We need the following lemma from global class field theory (cf., e.g., 
[4, 51). Given a finite extension E of Q let #E denote the Artin’s reciprocity 
map from I, to Gal(E/E) and let 
gE : H, -+ Gal( E/E) 
be the isomorphism of the class group H, and the Galois group of E over 
E induced by dE. Let F be a finite Galois extension of E and L = Fn ,!I 
Consider the diagram of fields: 
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LEMMA 4.1. The field E. F is contained in F and the diagram 
HF --% Gal(F/F) 
NF/E 
I I 
J/F,6 
HE & Gal(E/E) 
is commutative, where ICIFIE is the natural map induced by the isomorphism 
Gal(E. F/F) T Gal(E/IL) - 
Moreover, 
Gal(E. F/F) zGal(E/IL) g N,,( HF) = NLIE( HL). (4) 
We prove now the following consequence of Lemma 4.1. 
LEMMA 4.2. If the set S is empty, then 
(j ~/c,,k(Hi) = N,c,dHK). (5) 
I=1 
Proof. If r = 1, then (5) is obvious. Assume that r = 2 and consider a 
diagram of fields 
K 
k 
where K”=~nK,k~=k,nkfor i=1,2,K’=k,.K”,k;=k,nK’. Then K 
is Galois over k, , and 
Gal(K’/k,)rGal(K’/k’;) 
is an abelian group. Since k, and k, are linearly disjoint Galois extensions 
of k, it follows that k; is Galois over k and 
Gal(k;/k) E Gal(K’/k,). 
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Hence k; is an abelian extension of k. On the other hand, by Lemma 2.1, 
the ramification index of a prime divisor p of k in K’ is e,(p), hence the 
ramification index of p in k;, being a subfield of K’ and kZ, divides cl(p) 
and e*(p). Since cl(p) and e*(p) are coprime, k; is unramilied over k. Thus 
k; c k. But k; c k;, therefore k; = k;. Comparison of dimensions yields 
K”=k;sk;. 
By Lemma 4.1, 
N,dH,)~GaW/~), Nkzlk(Hi)rGal(k/k;). 
It follows from (6) that 
(6) 
Gal(k/K”)rGal(k/k’;)n Gal(k/k;). 
Since NKIA(HK) c Nkllk H, n Nk2,k H,, we deduce (5) for r = 2. Proceeding 
by induction on Y, we apply the result just proved to the fields k, and 
K r-l=k,...k,-, which are Galois and linearly disjoint over k. Since the 
ramification indices in k, and K,- 1 are coprime, it then follows that 
K&W = NK,-,,kWK,-,) nNk,,kW,) 
because K = K, _, . k,. By the inductive assumption 
r-1 
N K,-,,~(&-,) = n Nk,,,AHiL 
i= 1 
one proves (5). 
Theorem 6 is a consequence of Corollary 2.4 and 
PROPOSITION 4.3. Under the hypothesis of Theorem 6 we have 
G = R’N(H,). 
ProoJ: Let A = (A, ,..., A,)Ec?, then N,,Ai=A for some A6Hk and 
every i. Obviously, A E fir=, NkJk(Hi). Therefore, by Lemma 4.2, 
A = N,,B for some BE H,. Thus 
and 
A=C,.C,, C,=(A,N,,,,B-‘,..., A,N,,,B-+Jj’, 
C, = (NK,~,&.., N,,B) E WH,), 
as desired. 
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We proceed now to prove Proposition 8. If I = 1, the assertion is trivial. 
Assume r32. For 1 bjdr- 1, the fields Kj=kl...kj and k,,, are Galois 
and linearly disjoint over k. Furthermore, by Lemma 2.1, the ramification 
index of a prime divisor p of k in K, is n{=, e,(p), which is relatively prime 
to the ramification index ej+ ,(p) of p in k,, i by our assumption. Therefore 
Proposition 8,will follow from the assertion below. 
PROPOSITION 4.4. Suppose that 
k=k, k,nk,=k, 
and k,, i = 1, 2, is a Galois extension of k. If, for each prime divisor p of k, 
the ramification indices e,(p) and e,(p) are coprime, then E, and k, are 
linearly disjoint over k. 
Proof Note that k, is Galois over k, this is because any k-linear 
embedding (T: k, -+ @ leaves the field ki unchanged and therefore a(ki), 
being an abelian extension unramified at any finite place of k;, coincides 
with k,. We prove that k, n k2 = k. Let k’ = k, n k2. Since the ramification 
index of p E 17, in k’ divides e,(p) and e,(p), which are coprime by 
assumption, k’ is unramified at any finite place of k. The field k: = k’ n ki is 
a Galois extension of k. Since k, n k, = k, the fields k’, and kz are linearly 
disjoint over k. Therefore, 
Gal(k’Jk)gGal(k; . k,/k,) 
is an abelian group (because k’, . k, c k,). Since k; c k’, it follows that 
k’, c k. But k= k, therefore 
k; = k; = k. 
Consequently, 
Gal(k’/k)rGal(k’.k,/k,) 
which is a quotient group of Gal(k,/k,). Therefore k’ is an abelian exten- 
sion of k, and being unramified at any finite place of k, it is contained in 
E=k. Thus k,nE,=k. 
5. PROOFOF THEOREM 7 AND THEOREM 2 
We prove Theorem 7 by induction on r. The case r = 1 is obvious. 
Assume r = 2, then Theorem 7 coincides with the following statement. 
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PROPOSITION 5.1. Assume that ki, i= 1, 2, is a Galois extension of 
k, k, n k, = k, and K = k, . k,. If k, and k, are linearly disjoint over k, then 
R1 c N(H,). 
Proof: Note that ki. kc ki and consider the following diagram of fields: 
K.k, 
Comparing the degrees of the extensions in this diagram and taking into 
account that 
one obtains 
K$n,&=k,$ K%,nk,=k,%, 
and hence 
K-En&=k;k, i= 1,2. 
Thus K. ki is a Galois extension of K’ k with the Galois group 
Gal( K. kJK. k) E Gal(E,/k i. k). 
Furthermore, 
K.k,nK*k,=K.k, 
and k, ’ k2 is a Galois extension of K. k with the Gaiois group 
Gal(k, . k,jK- k) = Gal(k,/k, . k) x Gal(k,/k, . k). (7) 
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By Lemma 4.1, we have a commutative diagram 
HK + Gal(R//K) - 
I 
N 
I 
IL (8) 
H $ P Gal(k,/k,) x Gal(k,/k,) - 
where N= (NKIk,, NKIkJ $ = (tiKlk,, tiKlkz), and i= (i,,, T,,). It follows 
from (8) that 
fl’ c N( HK) 
if and only if 
QW’) = ImW. (9) 
Since wt = Ker(N,,,,), it follows from Lemma 4.1 that 
$(I?) = Gal(E,/k,k) x Gal(k,/k,k). (10) 
The definition of $ combined with (7) and (10) implies (9). This proves the 
proposition. 
To finish the proof of Theorem 7 assume that r 3 2 and the assertion 
holds for I - 1 fields k, ,..., k,_ i. Then 
Rf x ... x& cNH,-,I. (11) 
Furthermore, obviously (11) implies 
17; x ... x fy 1 c N(I&J, (12) 
where 
cm, = {BE&-,INw~B= 11. 
Since Rr,, and E, are linearly disjoint over F by assumption, 
Proposition 5.1 applied to the lields K,- I, k, gives 
cc-, x& {(N,,_,B,N,,,~)IBEH,). (13) 
One deduces from (12) and (13) that 8’ c NH,), and the theorem 
follows. 
It remains to prove Theorem 2. We keep the notations used to state this 
theorem. Since 
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we see that A E G. By Proposition 5, H’ c N(H,), therefore it is enough to 
prove that 
A 4 NH,). (14) 
Consider the diagram of fields 
kl’ 
kl 
where kl=Q(&,&) and K’=Q(&,&&). We have Di=p.q; 
because p z qi - 1 (mod 4). Since ki is the composite field of Q(h) and 
Q(h), Lemma 2.1 implies that kl is unramified over k,. The field 
K’= k; .k, is unramilied over K and ramified over kj for any i. Set 
[H;: Nk;,,‘,H/] = [HK: NKrIKHK’] =2. (15) 
H: = H,;. By Lemma 4.1, we obtain 
and 
N,,,,;( HK’) = H; 
Suppose that A E N(H,) and write A ; = N,,,B for BE H,. Since (q2/p 
the prime p splits in Q!(A). Therefore pz splits in k; so 
A, E Nkilkl(H1) and, by virtue of (15), 
I= 1, 
that 
It follows from (15) that BE NKrIK(HKf), and consequently 
Al ENki/klffi. (16) 
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On the other hand, (qJp) = -1 and p, remains prime in k;, therefore, by 
Artin’s reciprocity law, A I = cl(p i ) corresponds to the non-trivial element 
of Gal (k;/k,). Thus, by Lemma 4.1, we get A I 4 Nkiik,(H;) in contradic- 
tion with (16). This contradiction shows that A $ N(H,), as claimed 
in (14). 
6. CONCLUDING REMARKS 
Making use of Galois cohomology, Draxl [3] has obtained a set of suf- 
ficient conditions for the equation H= N(H,) to hold different from those 
listed in Theorem 1. It might be interesting to relax the conditions of 
Theorem 1 and to generalise the results of this paper to ray class groups 
with nontrivial conductors. Another more technical problem is to construct 
an example of linearly disjoint Galois extensions k,,..., k, for which 
H’N( HK) # N( HK) and K = k, . * k,. Finally we should mention the papers 
[2, 9, 10, 111, where the problem of distribution of integral ideals with 
equal norms or related questions have been discussed. 
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